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Abstract. We consider a system of interacting fermions on a chain in 
a periodic potential incommensurate with the chain spacing. We derive 
a convergent perturbative expansion, afflicted by a small denominator 
problem and based on renormalization group, for the two point 

Schwinger function. We obtain the large distance behavior of the 
Schwinger function, which is anomalous and described by critical in- 
dices, related to the gap and the wave function renormalization. 



1. Introduction. 

1.1 The Holstein- Hubbard model describes a system of d = 1 interacting spinless fermions 
on a chain with unit spacing, moving in a periodic force incommensurate with the spacing 
of the chain. The hamiltonian is 

H = H + uP + XV H = txv^y (1-1) 
P = ^2 Px^i^x V = ^2 v{x- y)ip+ip x i(j y ip+ 

x£A x,y£A 

where x,y are points on the one-dimensional lattice A with unit spacing, length L and 
periodic boundary conditions; we shall identify A with {x e Z : —{L/2] < x < [{L — l)/2]}. 
Moreover the matrix t xy is defined as t xy — S x _ y — {l/2)[8 x ,y+i + <5 x , y -i], where 5 Xiy is 
the Kronecker delta. The fields i/^ are creation (+) and annihilation (— ) fermionic fields, 
satisfying periodic boundary conditions: tp^ — ip^+L- We set x = (x,t), —[3/2 <t< f3/2 
for some [3 > 0; on t antiperiodic boundary conditions are imposed. 

The term P represents the interaction of the fermions with a classical field. We are 
interested in studying potentials which, in the limit L — * oo, have the form tp x — <p(2px), 
where <p is a real function on the real line 27r-periodic and p/n is an irrational number, so 
that the field has a period which is incommensurate with the period of the lattice. We also 
impose that f>(u) is of mean zero (its mean value can be absorbed in the chemical potential), 
even and analytic in u, so that 

(p{u)= $ne mu , \<p n \ <F e-«l"l , n = = (1.2) 

O^neZ 

At finite volume we need a potential satisfying periodic boundary conditions; hence, at finite 
L, we approximate ip x by 

[(L-l)/2] 

vi L) = E <f n e 2in ^ x , (1.3) 

n=~[L/2] 

where pl tends to p as L — > oo and is of the form pl = / L, with nr, an integer, relatively 
prime with respect to L. The definition of pl implies that 2np^ is an allowed momentum 
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(modulo 2tt). For technical reasons we need p^ verifying the Diophantine property (1.5) 
uniformly in L and in [BGM1], App. 1, a sequence of numbers verifying (1.5) is constructed. 
The thermodynamic limit is then taken along a particular diverging sequence of volumes 
and only along this sequence we can solve the problem (a non infrequent situation in solid 
state physics, in which some models are solved only with particular boundary conditions). 

The term V in the hamiltonian represents the interaction of the fermions by a short range 
two body potential; in particular we assume \v(x — y)\ < Ce~ K \ x ~ y \ for suitable values of 
the constants C, k. 

Finally if Eq is the ground state energy ,i.e. the minimum value of H over the eigen- 
states ip n with n particles, the spectral gap is defined as A = Eq +1 + Eq -1 — 2Eq. We 
denote moreover the infinite volume zero temperature two point Schwinger function by 
linii^oo S L 'P(x;y) = S(x;y), defined in (2.8). 

1.2 If A = the Hamiltonian H + uP = H is quadratic in the Fermi fields and its eigen- 
functions are the antisymmetrized product of the one particles wavefunctions ip(x) of the 
finite difference Schroedinger equation 

-ip{x + 1) - ip{x - 1) + uip x ip(x) = Eip(x) (1.4) 

with ip x defined as above. It is known that, for u small enough and if p verifies a diophantine 
condition ||2np||yi > Co|n| _T , for any =/= n G Z, there are, for particular values of E, 
eigcnfunctions which are quasi Block waves of the form %j){x) = e- ik ^ x U(k(E),x,u), with 
U(k(E), x, u) — U(k(E),px, u) and U 27r-periodic in px. In particular this is true if ||/c(-E) + 
np\\ T i > C |n|- T , 0/neZ, [DS], or if k(E) = np, ^ n e Z, [JM] , [MP] , [E] (strictly 
speaking these results were proved for the almost equivalent problem of the Schroedinger 
equation in the continuum with a quasi periodic potential, but one can extend them to this 
case, see [BLT]). There are, for a generic potential, infinitely many gaps in the spectrum in 
correspondence of the values of k{E) = np mod. 2ir, and the spectrum is a Cantor set [E]. 
These results are obtained by KAM iterative techniques, because the perturbative series for 
the eigenvectors and eigenvalues of (1.4) are characterized by a small denominator problem 
quite similar to the one in the series for the invariant tori of classical hamiltonians close to 
integrable ones. It is useful to compare the above results with their correspondent in the 
commensurate case, in which - is a rational number. In this case all the eigenfunctions 
are Bloch waves, and the gaps are still in correspondence of k{E) = np, mod. 27r, but the 
gaps are a finite number, for the rationality of p/n. In the commensurate case the many 
body system described by H has two physical phases. For values of the chemical potential \i 
(hence of the density) outside the gaps of the one particle spectrum, 5(x; y) decays with a 
power law for large distances and the (infinite volume) ground state has no gaps A = 0; this 
is the metallic phase. Choosing fi in correspondence of a gap in the one particle spectrum the 
Schwinger function has a faster than any power decay and the ground state has a gap A^O; 
this is the insulating phase. In the incommensurate case the situation is more complex, but 
still, see [BGM1], for values of the chemical potential corresponding to a gap in the one 
particle spectrum (fi = 1 — cos(topl), m integer) and small u, 5(x; y) has a faster than any 
power decay and the ground state has a gap A ^ 0. We can call this a quasi-insulating 
phase. 

If we consider also an interaction between fermions we can expect that still there is a quasi- 
insulating phase, i.e. for suitable values of the chemical potential (hence of the density) 
5(x;y) has a faster than any power decay (but, as we will see, anomalous) and the ground 
state of H has a gap A/0. However there is in general no reason for which the chemical 
potentials corresponding to the quasi-insulating phase had to be the same as in the A = 
0, and indeed we find that they are different. The right chemical potential to study the 
quasi-insulating phase is unknown and it is part of the problem; it turns out that fi = 
1 — cos(mp) — v, with v = v(X, u) is a suitable function such that v(0,u) — 0. Defining 
the Fermi momentum as the momentum for which the occupation number or some of its 
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derivatives are singular, our choice of the chemical potential corresponds to fix the Fermi 
momentum of the interacting model as pp = rap, m e Z + . One of the main points of 
our analysis, as well as of the preceding papers starting from [BG], is to use as a physical 
parameter the Fermi momentum rather than the density. Of course if the formal Luttinger 
theorem (see for instance [BGL]) holds this is equivalent to fix the density; but its validity 
is an open problem and there is no need to discuss it here. Fixing the Fermi momentum 
is very reasonable in a work technically based on renormalization group. Moreover this is 
the most natural choice from a physical point of view, as discussed in the next section. 
Nevertheless the problem of fixing the chemical potential to a X.u independent value is an 
interesting mathematical problem. To obtain results for this problem from ours has to solve 
an implicit function problem (non trivial as our series are defined, as functions of pp , only 
on pf verifying a diophantine condition), but this will be not addresses here. 

1.3 Let we discuss an important physical application of our results, so motivating our choice 
of fixing the Fermi momentum. Peierls [P] and Frohlich [F] suggested that one-dimensional 
metals are unstable at low temperature, in the sense that they can lower their energy through 
a periodic distorsion of the "physical lattice" with period ^L, where pp is the Fermi momen- 
tum. Such a distorsion is called Charge Density Wave (CDW), as both the "physical lattice" 
and the electrons charge density form a new periodic structure with period possibly bigger 
than the original lattice period 1. The CDW is usually represented as a function <f>(2ppx). 
Quite interesting is the case of irrational as Frohlich suggested that, if the period of the 
CDW is incommensurate with the original period of the lattice, the CDW has an arbitrary 
phase and so it should carry an electric current. The properties of many compounds are ex- 
plained in terms of incommensurate CDW, see for instance [L] . In recent times systems with 
an incommensurate CDW have been reconsidered in the context of high-T c superconductiv- 
ity; in particular it was suggested that it is crucial to take into account also the interaction 
between fermions, see [A]. An interacting Fermi system with an incommensurate CDW is 
then described by the Holstein-Hubbard model (1.1) with pp = p, so our results describe 
this physical situation. We will see that the interaction introduces an anomalous behavior 
in the model. 

There is no mathematical proof that an incommensurate CDW really exists also in presence 
of an interaction between fermions. One has to show that the ground state energy of (1.1) 
as a function of f> x is minimized by f> x = <p{2ppx). Up to now this was proved only if A = 
and pp — ir/2; recent results [BGM2] show that fi(2ppx) is a stationary point for the ground 
state energy of (1.1), if A = and pf/tt rational. It is clear, in any event that our results 
could represent a starting point for this problem when A ^ 0, as from them one can write 
the ground state energy as a well defined expansion (i.e. our work has the analogous role of 
[BGM1] with respect to [BGM2]). 

1.4 Denote by \\a — [3\\ T i the distance on T 1 of a, [3 G T 1 , and, for x = (x,Xo),y = 
(y,yo) G R 2 , by |x - y| the distance |x - y| = y/(x - y) 2 + v (x - y ) 2 , v = sinp F , 
pp = cos - 1 ( 1 — fi) . The definition of the two-point Schwinger function S L ,/3 (x; y ) is standard 
and it will be recalled below, see (2.8). /j, will be the chemical potential of the A = theory 
and /2 of the A ^ theory. Moreover 0(x, y, z) = 0(\x\) + 0(\y\) + 0(\z\). 

With the above definitions we shall prove the following theorem. 

Theorem Let be S L 'P(x;y) the two point Schwinger function defined in (2.8) with chemical 
potential fi. Let us consider a sequence Li, i G Z + , such that 

lim Li = oo , lim pp i = p 
Let be /i = 1 — cos(fhpL i ), if rh is a positive integer such that <f>m ^ 0, and pi li satisfies the 
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diophantine condition 

\\2np Li \\ T i >C \n\- T , O/neZ M < y, (L5) 

for some positive constants Co and r independent of i. Then there exists an So > (indepen- 
dent from i, (3) and four functions v = v(X, u), T]i(X, u), i = 1, 2, 3, continuous for \u\, |A| < eo 
and u) = 0(A) , 773 (A, u) = 771 (A, + 772 (A, and 771 (A, u) = /3iA 2 + A 2 0(A, u, u), 

r]2(X,u) — P2X + \X\0(X,u,u), with Pi,(32 positive generically non vanishing constants, such 
that, if /I = fj,— v(X, u) the following propositions are true. 

(i) There exists the limit lim^oo 5 Li '^(x;y) = S*(x; y) 

i — >oc 

(ii) S(x;y) is continuous as a function of X,u. Moreover, defining 

U = \u0rn\ 1+ ^ Z = \wf> m \-^ (1.6) 

for all N there is Cn such that for all |x — y| > u^ 1 ("large distance faster than any power 
decay ") 

|s(x - y)l £ r irrfer <L7) 

If 1 < |x — y| < one has ("transient slow decay") 

I^ X <^^F^ (L8) 

with K 1 > constant and 

S(x,y) = _ X y 3 (g(x - y) + 0(A, u, zi)C 2 (x; y)) (1.9) 

with ,g(x- y) = lim A ^ ,u^o S(x; y) and |C 2 (x;y)| < for |x - y| < u" 1 / 2 . 

(Hi) For any i there is a spectral gap A verifying 

A>^ (1.10) 



1.5 The above theorem shows that also in presence of an interaction between fermions there is 
a quasi-insulating phase; this is quite remarkable as our results hold also if |u(/3m| << |A| i.e. 
if the interaction between fermions is much larger that the amplitude of the incommensurate 
potential. Like in the non interacting A = case, one can distinguish two regions in the 
large distance behavior of the Schwinger function: a transient slow decay and a long distance 
faster than any power decay. In the first region there is still a power law decay, but with 
a non universal exponent 1 + 773 instead of 1 (anomalous behaviour); in the second region 
the decay is still faster than any power, like in the A = case, but the decay rate is 
0(u) instead of 0(u). We think that the optimal bound in the large distance behaviour 
is |5(x — y)| < c j^_ y |i+„ 3 , for some constants a > 0, and such bound could be possibly 
proved by a slight improvement of our techniques. The variation of the decay rate suggests 
that the interacting ground state gap is 0(u), i.e. the ground state has an anomalous gap, 
and this is confirmed by (1.10), which if the interaction is attractive (A < 0) says that the 
ratio between the bare and interacting gap is << 1 and diverging as u — > 0. The phase of 
the system described by the above theorem can be called anomalous quasi-insulating phase. 

The above theorem shows that the system with A 7^ is not " analitycally close" to the 
A = one; the Schwinger functions depends by A, u not analytically and this makes necessary 
the use of renormalization group methods. The Schwinger functions of the Holstein-Hubbard 
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model arc studied writing them as a functional Grassmanian integral which is expressed by 
a perturbative series. The small denominator problem afflicting this series is controlled, like 
in [BGM1], by using a sort of Bryuno Lemma [B] (see sec. 3.6 below) and using suitable 
cancellations to face the problem of the resonances. Such cancellations are implemented by 
rcnormalization group techniques. The approach we follow is then very closely related to the 
"direct" methods developed in recent years for proving the KAM theorem by showing the 
convergence of the Lindstedt series expressing the invariant tori, see [E1],[G1],[CF],[GM]. 
However in the above quoted papers (including [BGM1]) the perturbative expansion can be 
expressed in terms of Feynmann graphs which are only tree graphs i.e. with no loops: in 
fact the KAM theorem is a classical problem and in [BGM1] is discussed the hamiltonian 
(1.1) with A = which defines a non interacting model i.e. bilinear in the fields. On the 
contrary the perturbative series for the Schwingcr functions of the Holstein-Hubbard model 
are expressed in terms of Feynmann graphs with loops. So a small denominator problem 
in a fully interacting quantum theory is solved, and our work can be considered a quantum 
KAM theorem. The main idea is to combine such direct methods to study KAM problems 
with the renormalization group techniques developed to study interacting fermions starting 
from [BG] (similar techniques were introduced also in [FMRT]). 

1.6 In order to make clearer our results we state an immediate consequence of the theorem 
proof, see sec. (4.5). We can write 

S(x; y) = Si(x; y) + 0(A, u, u)S 2 (x; y) , (1.11) 

where, if k = (k, k ): 

^Jj , e -ik (x -y ) 



5 1 (x; y )=.g( 1 )(x; y )+ J ^ [1 - A(k)] cj>(k, x, u(k)) cj>* (k, y, u(k)) — 
with, if pf = tap 

(1) f dk /i(k) e -ifeo(xo-yo) 

9 (x;y) ~J -ik Q + i-cosk-v ' 

e(k, a) = [1 — cos(|fc| — pf)] cospf 



—ik n + e(k,u(k)) 



+ sign (|fc| - p F ) \/[sin(\k\ - p F )vo} 2 + u{k) 2 , 
4>{k, x, u(k)) = e- lkx U(k, x, u(k)) , (1.12) 



U(k, x, u(k)) = e 



isign (k)pFX 



COs(p_Fx)< 1 



sign (|fc| -p F )u(k) 

vWi -PF)v ) 2 + u(ky 



—i sign (k) sm(ppx) , / 1 



sign (|fc| -p F )u(k) 
^(sindfcl -p F )v ) 2 +u(ky 



Here /i(k) denotes a cutoff function excluding the two points k = (±pp,0), (defined in 
(2.14)) and u(k),Z(k) are two bounded functions such that \u(k) — u\ — 0(u\)\, |Z(fc) _1 — 
1| = O(X) for ||fc| — pf\ > Tp, and u(pf) = u, Z(p F ) = Z given by (1.6); moreover if A = 
then u(k) = u, Z(k) = 1 (such functions will be explicitely constructed in sec. (4. 5)). Finally 
Si(x, y),S l 2(x, y) obeys to the same bound (1.7), (1.8). In the A = case <j>(h,x,u) is the 
first order term of a perturbative expansion for the quasi Bloch waves solving (1.4) with 
k = pf = rhp, see [E], and, as we can expect that Si is the dominant part of 5(x;y) for 
large distances, this is in agreement with the results about Schroedinger equation, see sec. 
(1.2). If A 7^ again we can write 5(x; y) as sum of two terms, and Si(x; y) is quite similar 
to the corresponding expression in the A = case but <f>(k, x, u) is replaced by <fi(k, x, u(k)) 
and there is a factor -J^ more. It is natural to heuristically interpretate this fact saying 
that the elementary exitation for small energy in presence of interaction are quasi-particles 
which are not quasi-Bloch waves but interacting quasi Bloch waves ■= <ft(k,x,u(k)). 
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1.7 The Holstcin-Hubbard model in the commensurate case is discussed (essentially) in 
[BM2] , [BM3] , and one can see that the Schwinger function has a similar behaviour. Finally 
some comments about the spin; the discussion is essentially identical to the one in [BM2], 
[BM3] for the commensurate case and we do not repeat it. In the spinning case the number 
of running coupling constants is larger than in the spinless case and the renormalization 
group flow is more complex. For repulsive interaction (A > 0) things do not change while 

in the opposite case the flow is unbounded and no conclusions can be drawn (except if 

-i 

\(fmu\ > e^W, for a suitable positive constant k ); so our results are valid for spinning 

-i 

fermions only if A > or if A < but \(pmu\ > e 7 ^ . 



2. Multiscale decomposition and anomalous integration 

2.1 As it is well known, the Schwinger functions can be written as power series in A, conver- 
gent for |A| < ep, for some constant ep (the only trivial bound of ep goes to zero, as [3 — > oo). 
This power expansion is constructed in the usual way in terms of Feynman graphs, by using 
as free propagator the function 

^(x; y) = ^(x - y) = L ^pJH^f * " = 

1 ^_ ,, ( e -Te(fe) -(P+r)e(k) >> i 2 ' 1 ) 

= l E °-**- v) {ttfw 1(t > 0) - iT^y 1(r ^ 0) } < 

kev L k ' 

where N = X^eA ipt^x > T = x o — Vo, ~L(E) denotes the indicator function (~\_(E) = 1, if E 
is true, \{E) = otherwise), e(k) = 1 — cos k — p and T>l = {k = 2nn/L, n e Z, —[L/2] < 
n<[(L-l)/2]}. 
It is easy to prove that, if x ^ y 0} 

1 p-ik-(x-y) 

g L ' p (x-y) = lim — V — -, (2.2) 

m->oo LB ' — iko + cos pf — cosfc 

where k = (k, k ), k • x = k x + kx, T>L,p = T>l x T>p, T>p = {fc = 2(n + l/2)ir//3, n £ 
Z, — M <n<M— 1} and pp is the Fermi momentum, defined so that cospi? = 1 — /z and 
< Pf < 7T- 

Hence, if we introduce a finite set of Grassmanian variables {V'ki' one f° r eacn 01 * ne 
allowed k values, and a linear functional P{dip) on the generated Grassmanian algebra, such 
that 

W)^ k -< - L88^9^ , 5k = _, fco + co& 1 pF _ cosfc • ( 2 - 3 ) 

we have 
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1 £ e - ik . (x - y) . k= /'p (#)V ,- V ,+ = ^,/3 (x;y)) (2 .4) 

where the Grassmanian Geld V> x is defined by 

^4E ^e ±lk ' x - (2.5) 

The "Gaussian measure" P(dip) has a simple representation in terms of the "Lebesgue 
Grassmanian measure" dipdip + , defined as the linear functional on the Grassmanian algebra, 
such that, given a monomial Q(tp~ , ip + ) in the variables ip^, ip£, 

/#-#+Q(v--,v + ) = l 1 if< 3(^"^ + ) = n k V'kV' k h , (2.6) 

J {0 otherwise . 



We have 

W) = {n( L ^k)}exp{ -£(L/?&)~ V^}^-^* • (2-7) 

k k 

Note that, since (ip^ Y = (V'k ) 2 = 0, e~ z ^£^ k = 1 — zip^ip k , for any complex z. 

By using standard arguments (see, for example, [NO], where a different regularization of 
the propagator is used), one can show that the Schwingcr functions can be calculated as 
expectations of suitable functions of the Grassmanian field with respect to the "Gaussian 
measure" P{dip). In particular, the two-point Schwinger function can be written, if xq ^ yo, 
as 



-v«0 

m Too / P(di>) e~ v W 
where V(ip) = uP(ip) + XV(ip) + vN(ip) with 

r 0/2 1-13/2 



(2.8) 



E,/3/2 ,/3/2 
/ dx / dy v(x - y)S{x - 2/o)^x ^ x i> y ipt 

.....J-lS/2 J-/3/2 



^(VO = E / rfx o A L Ht^ Nty) = V / dx V+^ x . (2.9) 

If a;o = yo, S L '^(x: y) must be defined as the limit of (2.8) as x — yo — ► 0~, as we shall 
understand always in the following. 

2.2 We start by evalutating the partition functioni.e. the denominator of (2.8) 

J P(#)e" v W , (2.10) 

It is convenient to decompose the Grassmanian integration P(dip) into a finite product of 
independent integrations: 

l 

= 1] W W ) , (2.11) 

h—hfs 

where hp > — oo will be defined below (before (2.19)) This can be done by setting 

^=©^ fc)± . &=E5i h) , (2-12) 

h=hp h—h^ 

where are f ammes of Grassmanian fields with propagators which are defined in 

the following way. 

We introduce a scaling parameter 7 > 1 and a function x(k') € C 00 ^ 1 x J?), k' = (k' , ko), 
such that, if |k'| = ^Jk% + \ \k'\\ 2 Tl : 

^) = ,(- k ') = {J (2.i3) 

where ao = min{pi?/2, (it — pp)/2}. This definition is such that the supports of x(k — pF, ko) 
and \{k + pf, ko) are disjoint and the C°° function on T 1 x R 

A(k) = l- X (fc-pF,fco)-x(fc+PF,fco) (2.14) 

is equal to 0, if ||fc| — pfII^i + ^0 < *o- 
We define also, for any integer h < 0, 

A(k') = x(7-"k') - X(7^ +I k') ; (2.15) 
7 



we have, for any h < 0, 

o 

X (k')= £ /,(k')+x(7-' l k')- (2-16) 

Note that, if h < 0, / h (k') = for |k'| < i 7' l_1 or |k'| > io7 ,i+1 , and f h (\d) = 1, if 

|k'| - W- 
We hnally define, for any h < 0: 

A(k) - - p F , fc ) + fh(k+p F , ko) , (2.17) 

s — Ago (2 18) 

— ZKo + COSpF — COS K 

Note that, if k e 2?l,/3, then |fco| > tt//3, implying that //j(k) = for any h < hp — 
mm{h : t "/ h+1 > n//3}. Hence, if k e T> Lt p, the definitions (2.14) and (2.17), together with 
the identity (2.16), imply that 

l 

1 = £ A(k) . (2.19) 

h— hp 

The definition (2.17) implies also that, if ft, < 0, the support of //i(k) is the union of two 
disjoint sets, and A^. In A^, k is strictly positive and \\k — PfIIt 1 < Oo7 h < a o, while, 
in Ar, k is strictly negative and H/j+pfIIt 1 < a o7 /l - Therefore, if h < 0, we can write tp^^ 
as the sum of two independent Grassmanian variables V'k w w ith propagator 

( W^)^^ = ^k 1;k2 5 WllWa ffW(k!) , (2.20) 
so that 

^=0^' »k h) = E ^(k), (2.21) 

w=±l w=±l 

9<P<M = ^™ , , (2.22) 

— ifc + COSpp — COS fc 

where is the (periodic) step function. If wfc > 0, we will write in the following k = 
k' + upf, where k! is the momentum measured from the Fermi surface and we shall define, 
if h < 0, 

£0(10 = e } (k) = -— 7j\ , (2.23) 

— ik + v oj sin k' + (1 — cos Ar ) cospp 

where v = sinp F . We call moreover = 0£ =h/J and & = E*^ 

This kind of decomposition is completely standard in the theory of the d = 1 Fermi system, 

starting from [BG] ; we repeat it here only for clarity. 
We define 

e _ v (o) W (<o>) = y p ^ ( i)j e _ v ('» W ci) + ^(<o) ) 
It is possible to prove , see [BGL], [BGPS] that 

V^ 0) ) = E Kki-k 2 )V k f 0)+ V k f ^g Mf ^(kr+ka-^-k*) 

+^ E (-+nk))^^ 0) -+-E^ E 

^ k6B L>(3 m=l ^ k6X> Li)3 
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+ E E 77^ E 4f° )CT ^..4f )CT "< m (ki,...,k„)^ ( T J k 4 + 2mp i ) 

n=l m=l ^ ' ki,...,k„GX' ii/ 3 i=l 

where <7j = ±, |.F(k)| < C|A| and the kernels W® m (ki, ...,k„;z) are C°° bounded functions 
such that W° m = Wl_ m and |W° ; J < c^maip.n^-i) if z = Maaj(|A|,u, |i/|); moreover 
5(k) = L(3S ko S k and p L = (pz,,0). 

2.3 The integration is performed iteratively, setting Zo = 1, in the following way: once that 
the fields ip°, ...,ip h+1 have been integrated we have 

J P Zh (d^)e- vW ^^ (2.24) 

with, if p F = (pf,0) and C/j(k') _1 = Y^j=h 3 fjQ*-') anc ^ U P to a constant: 

p Zh (d^ h) )=U n ^-St,^--£;^ 

k w=±l 

exp | — — — ^ Cft(k')Zft ^ — ifc — (cosfc' — 1) cospi? + o>uo sinfc' 
^(<o)+ ^(<o)- fk'U ( - 0)+ ^ ( - 0) ~ H 

(2.25) 

It is convenient, for reasons which will be clear below, to split V {h) as £V {h) +TZV (h \ with 
1Z = 1 — C and C, the localization operator, is a linear operator defined in the following way: 

1) If n > 4 then 

^ n n 

£ {a«vr E < m (k;+u )1 p F ,...)n^kf[tp F ,./(E^( k ^+^)+ 2 ™p^} = 

^ ' k^.-.k^el?!,^ i=l * i=l 



2) If n = 4 then 

4 4 

£ {?t^4 e ^ m (k;+o )1PF ,...)[n^: PF ^] ( 5(E^(^+^)+ 2m p^} 



k' 1 ,...,k^ex) ij3 



(2.26) 



1 4 4 

" v ; k' 1 ,...,k; e i> 1 ,^ »=i i=i 



3)If n = 2 then 



v ^ ; k'^e-D^ i=i 



1 

+WiPir) +2mp L )} = 6( Ul - U2)pF+2mpL ,0Jjrflr ^ [^m^lPF, ^2Pf)+ 
»=1 ^ ^ k'gPL^ 

(2.27) 

2 

+ Wl £(A/ + WlPF )W 2 ft TO (^^ 



i=l 



9 



where E(k' +ujpf) = vqlo sin k' + (1 — cos k') cos pf and the symbol dk, dk means discrete 
derivatives. Note that the r.h.s of (2. 26), (2. 27) are vanishing unless J2 i a^ipp + 2mpL = 
mod.2-7r. 

We can write then LV^ in the following way: 



CV^W = ^nhF^+ShF^+ZhF^+ahF^+ihF^+thF^+lhF^ (2.28) 
where 

F (<h) = V- _L V ib { - h)+ ib { - h) ~ 

v / y I t a\ / < V'k'+upF,wT'k'+upF,w 



<h)+ /(<&)- 



^=Ei E ^'+^«^ 



(</»)+ ,,,(<fc)- 



^ = E t4 E 

w =±i k , eT>L0 



(<h)+ A< h )- 



p(<ft) 



y- ^(<fc)+ ^(<^)+ ^(<o>- ,(<o)- k . 



and A = A(t)(0) - v(2p F )) + 0(A 2 ), s = ucj> m + 0(u\ 2 ), t , io = 0(u\ 2 ), a , z a = 0(A 2 ), 
no = v + 0(X 2 ). This follows from the antisimmetry properties of the Grassman variables 
and the Kroneker deltas in the r.h.s. of (2. 26), (2. 27). 

We write, if Nh is a constant 



P Zh (d^)e 



(<7>h P -v (h) (V2^ h) ) 1 



P Zfc _ 1 (d^ fc >)e-* W fc^ ( * ,0 > 



(2.29) 



where 



k w=±l 



expj- E ?l E C/,(k')Z h _i(k / ) (-ifc - (cos A;'- 1) cosp F + ow sinfc') 



,/.(<0)+ ./.(<0)- 1 fk'^/; ( - 0)+ 



}• 



(2.30) 

with Zfc-i(k') = Z fc (l + C^^k')^), Z fc _i(k , H_i(k') - ^(^(k') + Cfc ^k'Jsfc) and 
= £VW + (1 - £)V(' 1 ) with 



CV™ (V) = J h n h F^V + ( 0fc _ z ft )P^' 1 ) + + + J fc FP> . (2.31) 
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The r.h.s of (2.29) can be written as 

^ / Pz^Ad^^) J Pz^W^e-*™^* 1 *^ , (2-32) 

where P Zh _ 1 (dip ( - h ~ 1) ) and P Zh _ 1 (dip( h '>) are given by (2.30) with Z h _i(k') replaced by 
Zh-i(0) = Zh-i and Ch(k') replaced with C/j_i(k') and /^~ 1 (k') respectively, if 



L ^-i(k') 



and ^>(- h ) replaced with ip(- h *) and tp^ respectively. Note that /fc(k') is a compact 
support function, with support of width 0(j h ) and far 0(-f h ) from the "singularity" i.e. 
Pf- 

The Grassmanian integration Pz h _ 1 (dip^) has propagator 

ff w (*;y) = y- e -i( wa; -a/s,) PF gS^y) ^ 2 ^ 

UJ.OJ — ±1 



if 



is given by 



(ft) 



(x;y) 



| ^J^^eC (2-34) 



^(x;y) = -^ E e-^'^/^kOlT-^k')]^ , (2.35) 

' k'ET> L>0 

where the 2x2 matrix T/,(k') has elements 

[Tft(k')]i,i = (— iko — (cosfc' — 1) cospF + vo sinfc') , 

PMk')] li2 = [T fc (k / )] 2 ,i = ^_i(k') , (2.36) 
[T/j(k')] 2; 2 = (— ifco — (cosfc' — 1) cospF — v sinfc') , 

which is well defined on the support of //i(k'), so that, if we set 

A h (k') = detTUk') = [-iko - (cosfc' - l)cosp F ] 2 - ( Uo sinfc') 2 - [^-i(k')] 2 , (2.37) 



then 



T-ifkM - 1 ( M k ')]i,i Mk')]i, 2 , ^ 
^ (k) ~ A,(k') l[r„(k')] 2 , 1 [r,(k')] 2 ,J ' ^-38) 

![rfe(k')]i i = [— ifco — (cosfc' — 1) cospi? — v sin fc'] , 
[Th(H)]i',2 = Mk')] 2jl = -o- h _i(k') , (2.39) 
[r ft (k')] 2 ,2 = [-ifco - (cosfc' - l)cosp F + w sinfc'] . 

Note that er/^k') is a smooth function on T 1 x i? and, if k' varies in the support of C ft ~ 1 (k / ) 
then there exists two positive constants Ci, c 2 such that: 

cicift < CTfc(k') < c 2 a h (2.40) 

if o-/, = a h (0), as CjT^k') = 1 for k > h + 1. 

The large distance behaviour of the propagator (2.33) is given by the following lemma, see 
[BM2] : 

2.4LEMMA The propagator <7^/(x;y) can be written as: 

<#l(x; y) = ffiU(x; y) + cf > (x; y) + cf > (x; y) (2.41) 
11 



with 



with 

-ik(x-y) 



for any integer N > 1 and /or |x — y| < -j, |x — y \ < | it fto/ds |C^(x;y)| < 

— 1+(7 h (x _ y)) w ana |G 2 (x,yj| S |^r| 1+(7 fe (x _ y ))jv • 

Moreover 

uW f y . v ^i < | ^ | (n 1 ax{ 7 ft ,L- 1 })C jv 



Note that g^(x;y) coincides with the propagator "at scale j hv of the Luttinger model, 
sec [BcGM]. This remark will be crucial for studying the Rcnormalization group flow, see 
sec. 4. For the proof of the bounds, one can proceed as in the proof of lemma 2.8 below. 

2.5 We rescale the fields so that 

± J p Zh _M^ h -V) J ft fc _ 1 (#W)c-^ , (V^* CiSfc, ) 

so that 

rvW(V) - l h v h F^ + 5 h F£» + t h F^V + ThF (<h) + XhF (<V . (2 .42) 
where by definition 

z h x Zh t \ Zh + Zh ■ \ < Zh \2, 
Vh = -z n h ; o h = — — (a h -Zh); r h = — t h ; ^ = — i ; K = — ) lh 

^h-l ^h-l ^h-l 

We call the set Vh = {yu, $h, T h, ih, A/») running coupling constants. 
We perform the integration 

| P Zh _ x e -v (h) (V^7^^') = e -v- 1 (V^77v<^- 1) )+^ ; (2.43) 

where £/, is a suitable constant and 

ZH-iff^ + i h -iF^ + t h . lF ^ + h^Ff-V , (2.44) 

Note that the above procedure allows us to write the running coupling constants Vh in 
terms of Vk , k> h + 1 

v h = 0{vh+i,~ -,vo) (2.45) 

The function (3(vh+i, ■■■,vq) is called Beta function. 
The effective potential V^(tp) is a sum of terms of the form 

1 n n 

TJ^ E S (E <^ + + 2m Pi X m (k 1; .., k'„;'„ ; M) J] 

^ p > k' 1 ,...,k;ex) I ,^ i=i »=i 

(2.46) 

2.6 Let we explain the main motivations of the integration procedure discussed above. In 
a renormalization group approach one has to identify the relevant, marginal and irrelevant 
interactions. By a power counting argument one sees that the terms bilinear in the fields 
are relevant and the quartic terms (or the bilinear ones with a derivative respect to some 
coordinate acting on the fields) are marginal. However there are O(L) many different terms 
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bilinear or quartic in the fields, depending on the value of m in (2.46), and so it seems that 
there are O(L) different running coupling constants, and their renormalization group flow 
seems impossible to study. However it will turn out that only a small subset of bilinear or 
quartic interactions are really relevant or marginal: the terms such that J2i o-iU)iPF+2mpL = 
mod. 2ir. Then we define the C operator (2. 26), (2. 27) just to extract such terms from the 
effective potential. The reason why the terms such that 0~iU3iPF J r2mpL ^ are irrelevant 
is quite clear in the commensurate case i.e. if p/it is a rational number. In this case in fact 
1 1 SiLi ~i u} iPF+2mpL | It 1 is greater than some positive number, and this, by the momentum 
conservation, means that the momenta of the fields cannot be all at the same time closer 
than some fixed quantity to the singularity of the propagator. In the incommensurate case 
however due to irrationality of p/ir the factor || Ym=i o'i^iPF + 2mpj\\ T \ can be as small 
as one likes for very large m so that the momenta of the field can be also very close to the 
singularity. However by the diophantine condition this will happen only for very large m, 
see Lemma 2.7 below, and using the exponential decay of <p m we will see that these terms 
are indeed irrelevant. 

The relevant terms are of two kinds; the v terms, reflecting the renormalization of the 
Fermi momentum, and the a terms, related to the presence of a gap in the spectrum. The 
first kind of terms are faced in a standard way [BG] fixing properly the counterterm v in 
the hamiltonian i.e. fixing properly the chemical potential. On the contrary there are no 
free parameters for the a terms in the hamiltonian and one has to proceed in a different 
way. One can naively think to perform a Bogolubov transformation, so considering as free 
propagator a propagator corresponding to a theory with a gap 0(u) at the Fermi surface. 
This is essentially what one does in the A = case, see [BGM1], but here this does not 
work as the gap is deeply renormalized by the interaction and one has to perform different 
Bogolubov transformations at each integration. In fact ah is a sort of " mass terms" with a 
non trivial renormalization group flow. 

Regarding the marginal terms, there is an anomalous wave function renormalization which 
one has to take into account, what is expected as if u = the theory is a Luttinger liquid. 
In general the flow of the marginal terms can be controlled using some cancellations due to 
the fact that the Beta function is "close" (for small u) to the Luttinger model Beta function. 
In lemma 2.4 we write the propagator as the Luttinger model propagator plus a remainder, 
so that the Beta function is equal to the Luttinger model Beta function plus a " remainder" 
which is small if Ohl~ h is small. 

2.7 LEMMA Assume that J27=i ^i^iPF + 2mpL ^ mod. 2ir. Then the contributions to 
V^*) of the form (2.46) are vanishing unless 



-h 



\m\ > A{ 



7 l 

„1/T 



— mn 



(2.47) 



if A is a suitable positive constant 



PROOF Remembering the compact support of the Grassmanian operator ipjj 
can write, using (2.46) 




we 



n n 



a nj h > ||5^^|| T i > \ \2mp L + Y^ 



aiUiiPFWr 1 > Co(2\n\m + m) 




from which (2.47) follows. ■ 



Let be 



h* = M{h > h fj : a 0l h+1 > 4\(j h \} 



(2.48) 



From Lemma 2.4 it follows trivially: 
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2.8 LEMMA For h > h* for any integer N > 1 it is possible to find a Cn such that, for 

C^max^L- 1 }) 



\x-y\< f, \x -yo\ < f 



l£-(x;y)l< 



l + (7 fc |x-y| 



Proof For any N > 0, there is a constant Gjv such that, if > h > h* , N n ,Ni > and 
Nq + Ni = N, 



-hN max{7 /l ,|cr ?l |} 



7 2fc + ff 2 



(A2.49) 



where Do and Z?i denote the discrete derivative with respect to fc and k', respectively. 
Hence, if \x — y \ < [3/2 and \x — y\ < Li/2, we have 



'^2 



N 



\x -yo\ No \x-y\ Nl 



< 



< 



2ir [ 



i-0-{xo-Vo) _ 



N 



Li r _»22L ( X _ 

2^ < 



1] 









3 (,l) (x;y) 



(A2.50) 



< 



7 2h + g 2 ^ W (max{ 7 , L }) 



<C A r 7 ' l (max{7 ft ,L- 1 })7- 



where Cat denotes a varying constant, depending only on iV, and the factor (max{7 , i -1 }) 
arises from the sum over k' (note that the sum over fc always gives a factor 7 , since 
hp < h* < h). Therefore we have 



3 ( ' l) (x;y) 



< 



C A rmax{7 /l ,L- 1 } 
l + 7 hJV |x-y|" ' 



(A2.51) 



2.9 In the next section we will see that, using the above lemmas and assuming that the 
running coupling constants are bounded, the integrations (2.24) are well defined for > h > 
h*. 

The integration of the scale from h* to hp can be performed "in a single step" 



/ 



P ^h ,(d ? ^^' l *)) e - vh *(V^ 7 ^ < -' , * , = -L / P Zh , 1 (^>-^*K/^ < - h * , > (2.52) 

■Nh* J 



Calling j Pz h ,_ 1 {a\p(- h ^)^pi^~ h Vy ^ = ^-^77^, we prove in the next section that 
the integration in the r.h.s. in (2.52) is well defined. This will be proved by using the 
following lemma (whose proof is similar to the proof of lemma 2.8). 



2.10LEMMA Assume that h* is finite uniformly in L,f3 so that \ Gh * h i 1 1 > n, if n is a 
constant. Then it is possible to find a constant Cn such that, for \x — y\ < \x — yo\ < § 



\a^ h *)(v V \\ < g w(max{ 7 ,£ '}) 

\g UiU , ix, yj | _ 1 + (7 , l ,| x _ y | )iV 



(2.53) 



2.11 From Lemma 2.7 we see that it is possible to have quartic or bilinear contribution 
to V {h \ if \h\ is large enough, with ^\ a^ipp + 2mpL = mod. 2ir only with a extremely 
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large m, namely |m| > C"f~; to show that such terms are irrelevant we use the fact that 
\4>m\ < Ce _ ^l m l , see 3.6. Comparing Lemma 2.8 and Lemma 2.10 we see that the propagator 
of the integration of all the scale between h* and hp has the same bound as the propagator of 
the integration of a single scale greater than h* ; this will be used to perform the integration 
of all the scales < ft* in a single step. In fact ^ h is a momentum scale and, roughly speaking, 
for momenta bigger than j h the theory is "essentially" a massless theory (up to 0(<ThJ~ h ) 
terms) while for momenta smaller than j h is a "massive" theory with mass 0("f h ). 



3. Analiticity of the effective potential 

3.1 We find convenient in order to discuss the convergence of the expansion for the effective 
potential to pass to the coordinate representation. 
Let be 

„ b (<h)a _ J_ \p iak'x , (<h)<r 

and by (2.26) (2.27) we have, if TZ = 1 - C: 
l)for n > 4 

f/3/2 



/p/z 
-0/2 



xi,...,x„eA" P/ 2 i=l 

n,...,i„eA J -PI 2 i=i 

2) for n = 4 and o'i^iPF + 2mpL ^ mod. 2tt one has TZ = I otherwise 

r P/2 4 

/ rfx , 1 ...rfa;o,4n^x7,^ ff, ^{W'4 ft m (xi-X4,x 2 -X4,X3-X4;a;4;{w})}= (3.1) 
xi,...,x 4 eA •'-PI 2 i=\ 

,/3/2 4 

^2 / dx 0A---dx QA Y[^£^\' 7, '[W£ m (xi -x 4 ,x 2 -x 4 ,x 3 -x 4 ;x 4 ;{u})- 

xi,...,x 4 £A"'-^/ 2 i=l 

S(x ,i - 2;o,2)<5(a;o,2 - x . 3 )S(x . 3 - x 0i 4,)6 Xl , X2 6 X2tX3 6 X3tX4 

ti,t 2 ,t 3 eA 

where we have used that if ViUiPF+^mpL = mod. 2-7T the kernels W£ m are translation 
invariant. 

3) for n = 2 and JZ i=1 uiujiPf + 2mpL ^ mod. 2tt then TZ = I otherwise 



f p/2 2 
V / ^^^^{^^^^(xx-x^^jM)} 

,x 2 6A PI 2 tl 

V /' 3/2 ^0,1^0,2 TT V^ CT< [W 2 * m (xi - x 2 ; x 2 ; {w})- 
a J -0/2 tJ; 



5(x 0A - x oa )5 XuX2 J2 W£ m (t; {lu})+ (3.2) 
teA 
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d x oS{x ,i - xo. 2 )S Xl , X2 ^2t a W^ m {t; {uj}) + 6(x ,i - x , 2 )d X2 5 Xl , X2 ^ tw£ m {t; {uj})+ 
teA teA 

teA 

and again we have used that when the 1Z operation acts non trivially the kernels are transla- 
tion invariant; moreover d X2 6 Xl , X2 = \[5 XuX2+1 - 5 Xl , X2 -\] and dl 2 5 Xl . X2 = lcos 2 PF [S XuX2+1 + 
3 X i, X2 —i 2(5 ;ri5a:2 ]. 

The following identities, obtained by (3.1) (3.2), will be useful in the following 

/■! 4 

^2 dxo^...rfxo,4(xi-x J ) a 7e{]JV'i7,^ CT *^m( x i- x 4,X2-X4,X3-X4;x4;{a)})} = 

X1....,X4GA ~2~ i=\ 

(3.3) 

f§ 4 

^2 I dx ,i...dxo t4 (xi - XjTjJ ^xT.^W^mCxi -x 4 ,x 2 -x 4 ,x 3 -x 4 ;x 4 ;{w}) 

ii r ..,s 4 eA T i— 1 

if a is any integer > 1 and i,j can take any value between 1 and 4. 



n 2 

l_ dx .idx^ 2 ( Xl - x 2 ) a K{]J0 h J^W* m (xi -x 2 ;ar 2 ;{a;})} = 

Xi,a?2€:A ~2~ i— 1 

/•I 2 

^ /_* dxo^dxoAjl&ri^ -^) a W 2 h ( Xl -x 2 ;x 2 ;{u})- 

Xl,X2GA ~2~ i — 1 

^S^ h) [C+i2o.. (-!)" - C-lScJ^i - xiWlJxi - x 2 ; ^ 2 ; {«})+ (3.4) 

+ ^ cos^Xi^^IC-tio,, + (-^"C+MoJ^i - ^)^ m (x 1 - x 2 ; x 2 ; {«})] 
if a > 1 and a similar equation hold if — x 2 ) is replaced by (x 0i i — x 0i2 ). 

Of course one can integrate the 8 functions in (3.1) (3.2) so obtaining 
XI /_„ ^o.i.-.^o.^n^xf^r^mCxi -X4,x 2 -X4,X3-x 4 ;a;4;{a;})} = (3.5) 

xi,..., 4 eA ~ i=l 

/•# 

X! /_ ^tmfxi - x 2 ,x 2 - x 4 ,x 3 - x 4 ; x 4 ; {uj}) 
xi,..., 4 eA ~ 

[^4-^ )CTi ^-^ )or2 '0i-^ )tT3 V'i-^? CT4 — ^-^^^l-^^^l-^^V'i-^^l 

LrXi.CiJi TX2,W2 TX3.CAJ3 tX4,CaJ4 TXi,Wl ^Xi,u>2 ^Xi,OJ3 7 Xi ,0J4 J 

The square brakets in the above equation can be written as 



,/,(< ?1 ) CT i r){<h)v2„l,(<h)cr 2 i (<h)ai 

+^-'\ )ffi V'x-! i , ) ' T2 £ ) x- ,l) ,?V'x-! l J )<T4 + ^i-t )ffl ^-t )CT2 v4-^ )CT3 £l-^ 4 

1 TXi,OJl TXl,OJ2 X3 ; 1 - ^3 X4 ;^4 TXi, OJi rxi,W2 TXi,W3 Xi ) 4,OJ4 

so that the effect of 7\L is essentially to change the coordinate of the ^4t,w fields and to 
replace a field f/'xT.w CT * with D^J 1 ^ where 

= & ~ i>kfJr = (x, - x,) f dtd^f^ , (3.6) 
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with Xji(t) = txj + (1 — t)xj and d = (d x , d Xa ). In the same way integrating the <5's in (3.2) 
one can see that the effect of 1Z is to replace a field ipt- 11 ^ with a field A^- h ^ which can be 
written as: 

(x 2 - Xl ) 2 jT 1 dh £ dhd 2 ^^ + (x 2 Xl )A^ h > (3.7) 

where Aipi^ 11 ^ is defined implicitely by the above equation and it has the same scaling 
properties of d 2 ^^ 11 ^ . The i-parameters appearing in (3.6) (3.7) are called interpolation 
parameters. 

3.2 From (3. 5), (3. 6) one can see that the effect of 1Z is that a derivative is applied on a field 
and there is a factor (x^ — Xj) more in the kernels. With respect to the 1Z = 1 case the 
presence of the derivative produce a gain in the bounds and the factor (x^ — Xj ) a loss (we are 
studying the large distance behaviour) and at the end, due to the structure of the iterative 
integration discussed in sec. 2, the final effect is a gain. This is standard in renormalization 
group formalism, see [G2]. Analogous considerations can be done for (3.7). 

From (3.3) we see that, by definition, 1Z does not act if there is a factor (x^ — Xj) a in 
front of TZW^ m . This property will simplify the discussion and was already used in [BM1], 
if the fermions are on the continuum and not on a chain; (3.4) is the analogue for the n = 2 
case. Note the two different equivalent ways to write the 1Z operation: in (3.1), (3. 2) the 1Z 
acts on the kernels of the effective potential; we can say that it consists in replacing W% m 
with TZW^ m where TZW^ m are the terms in square brakets in r.h.s of (3.1), (3. 2), leaving 
the fermionic fields unchanged; on the other hand writing as in (3.5) the 1Z operation acts 
on the ip fields, leaving the kernel W% m unchanged. 

3.3 From (2.43) we have that, if Ej i+1 denotes the truncated expectation with propagator 
^^1(2.33): 

v h (^z~ h ^ h ) = £ ^(-i)" +1 ^ T +1 (v' i+1 (^^ +1 ), ...) 

n. 

71=1 

where V h+1 is obtained from V h+1 following the operations described in sec. 2. Iterating 
the above equation we obtain that the effective potential can be written in term of a tree 
expansion [G2]. 



A tree r consists of a family of lines arranged to connect a partially ordered set of points 
(vertices). Every line has two vertices at the extreme except the first one which has only 
one vertex, the first vertex w . The other extreme r is the root and it is not a vertex. From 
each vertex v start s v lines; if s v = the vertex is called end-point, if s v = 1 is called trivial 
vertex and if s v > 1 is called non trivial vertex. To each vertex v we associate a scale h v . 
The vertices of r are naturally (partially) ordered. Giving to the tree an orientation from 
left to right we write wi < V2 (so that h Vl < h V2 ) if v\ is before v 2 on the tree. Two trees 
that can be superposed by a suitable continuous deformation are equivalent i.e. the trees 
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arc topological trees. The number of trees with n end-points is bounded by C n , if C is a 
constant. 

To each end point v with scale h v we associate either one of the addend of CV^"^ 1 ^ 1 in 
(2.42) or one of the terms of lZV a ; this second case is possible only if the scale of the end 
point is 1. For simplicity of notations we assume in this section 

V ° = J2 e l2mpLX / <WmV4-' l)+ V'4-' l) ~ (3-8) 

m^0,±m xeK P/ 2 

It will be clear from the following consideration that the general case is completely equivalent. 
Between two non trivial vertices v\ , vi there are all the trivial vertices v with scales h Vl < 
h v < h V2 . If n > 2 and the scale of an end point is different from 1 there is no trivial vertex 
between the end-point and the non trivial vertex v immediately preceding it on the tree, so 
that the scale of the end point is h v + 1 and the running coupling constants associated to it is 
one of the Vh v ■ If n = 1 and to the end point is associated a running coupling constant there 
is only a vertex vo on the tree, besides the end-point, and the scale of the running coupling 
constant is h Vo = hk+i- Each tree r take a label distinguishing which term is associated to 
the end points. Each trivial or non trivial vertex carry a label 1Z except vq which can carry 
an 1Z or C operation. The set of all the trees with n end points with root with scale k will 
be denoted by T n ^- 

A cluster L v with frequeny h v is the set of the end points (possibly only one) reachable 
from the vertex v, and the tree provides an organization of end points into a hierarchy of 
clusters. Given a cluster L v (with scale h v ), we define 

N v = J2 m * ( 3 - 9 ) 

where the index i denotes the end-points contained in L v , rrii = if to the end-point i is 
associated a running coupling constant not of the kind r, i, rrii — ±to if to the end-point i 
is associated a running coupling constant of the kind r, i and finally if to the end point i is 
associated one of the irrelevant terms (3.8) m, ^ 0, ±m. By definition 

N v = N v i+... + N v s v (3.10) 

and if Vi is an end point than N v — rrii. 

Following standard arguments (see [G2]) the effective potential can be written in the 
following way 

oo 

V«(V^ fe) ) = £ E V k (r,^Z~ k ^) (3.11) 

71=1 T£T k<rl 

If vq is the first vertex after the root, ti, .., r s are the subtrees starting after the vertex vq, 
then V k {r, y/Zkipt-^) is defined inductively by the relation 

V k (r,^Z~ k ^) = J 7 ^ + jy fc + 1 (r 1 , v ^V' ( ^ +1) ),..,^ +1 (^ ,v / ^V' ( ^ +1) )] (3.12) 
s Vo ■ 

where V k+1 (n,VZ^^ k+1) ) 

1) is equal to lZV k+1 (Ti, yfZ k ~ip(- k+1 ' > ) if the subtree Tj is not trivial i.e. if the first vertex 
of Ti is not an and-point, 

2) if the first vertex of Tj is an end-point V k+1 (ri, y r Zk^- k+1 ' ) ) is equal to one addend of 
CV k+1 (n, V^V'-^ 1 ) (2.42) or, if k = -1, to one term of V°(n, ^ k+1 ). 
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Let we assume that the effective potentiai can be written as: 

V k (r, V^ ( - fc) ) - / d* V0 E y/Z? Pv °^- k) {Pv )W k {T,P V0 ,x V0 ) (3.13) 

where J dx vo = Ylf eIv J2x(f)eA 1-13% d x (f), Pv l& a non empty set of I vo , the field labels 
associated with the end-points reachable from vo (i.e. all of them), \P Vo \ is the number of 
elements of P Vo , J^p is the sum over such sets, x Vo is the set {x(f)}, f E I Vo i.e. the set 
of the coordinates associated with the tree and: 

fePv 

The above assumption is proved by induction assuming that (3.13) holds also for the 
subtrees n and using (3.12). In fact by the identity 



^(<*+i)(P) = J2 ^ {<k+l) {Q)^ k+1) {P/Q) 



QcP 

we obtain 



y fe ( T,v^ fe) ) = -^£^ ' E E 



Sv "' P, a P vl ,..,Ps VQ Q vl ,..,Q s V0 

v o 



El +1 [J dx„^( fe+1 ) (P„j /Q vl )W k+1 (n , P B i , x„i ), 

| (P^o /Q„.„ )^ fc+1 (r s ^ o , P^ , x„.„ )]^«0 (P„ ) 

where £j denotes the truncated expectation with respect to the propagator (x; y) (2.35), 
Pv Uj Q„<, Q„< C P„i, is the first vertex of the subtree n, and W k+1 (r, P„« , x^i ) = 
7£T^ fe+1 (T, P„i,x„i) if Tj is not an end-point, W fe+1 (r, P^i , x„< ) = Ufe + i if it is an end-point 
but k + 1 7^ and if it is an end-point with k + 1 = is equal to v*o or to (j) m e l2mpLX . The 
above expression of course proves (3.13). 
We prove the following theorem, if Vh are the running coupling constants in (2.42) 

3.4THEOREM Let be k > h* given by (2.48). There exists a constant £fc such that, if 
su Ph>k Wh\ < £fe and sup, l>fe | z ^ h - \ < e Cl£k , chosen 7~/2 > 1 and L,(3> , then 



I f dx p "o \W k {T,P V0 ,^)\{\ + 1 k d{P V0 ) N )\ < Lp 1 - kD ^o)(C N s k ) n e"' 2-»% 3Pv 

rer n _ k 

,P..c 



where sp vg = 1 if N Vo ^= 0, \P Vo \ = 2 and otherwise, N is a positive integer, x «° is i/ie 
sei of points associated to P Vo , c\,C2,Cn are constants (not depending on L,(3), d(P Vo ) is 
the length of the shortest tree connecting the set of points x p "o , and 

D(P V0 ) = -2+ E (V2 + m f ) 
w/iere mj is the order of the derivative applied to the fields of label f. 

3.5 PROOF In order to write in an explicit form (3.12) it is convenient to start studying 
TlV h : 



W fc (r,y^^ fe) )^-^E(V / ^) |P "° I ^{ E 



\P« \ 

Zk 



P v l,-,Pv s 
a v 



Zk- 
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4 T +l[/ ^l^ fc+1) (P„l\Q„l)W fc+1 (T,P„l,X„l),..., 

^ fc+1 > (P^ \ Q„.„ )W k+1 (r, , x„.„„ )] (P„ )} (3.15) 
From (3.5)-(3.7) we know that the effect of 1Z is simply to replace ^- k \P VQ ) with 

5>,-x,r^ fe (P. ) (3.16) 
(in the following J^* . will be omitted), where Xj,Xj arc two coordinates in x p "o and 

1) a„ - and ^ fe )(P„ ) = ^ k \P Vo ) if |PJ > 4 or £ /eP „ a(f)u(f)p F + 2N VaPL ? 
mod. 2tt, see (2.26), (2.27). 

2) if |P„ | = 4 and E/ e p, o-(f)u(f)p F + 2N Vo p L = mod. 2tt then a„ = 1 and ^ fe )(P« ) 
differs from ^- k \P Vo ) because a field Jq dtdip^ 1 *^ replaces a i/^- fe ^ field, and the remaning 
V> fields are applied on different coordinates among x Pt, o ; see (3.5); 



3)if \P V0 \ = 2 and E/ e p„ o-(f)u(f)p F + 2N Vo p L = mod. 2tt then a„ = 2 and ^ k \P Vo ) 

or a A ^ ( - fc> 

j(*2) (xi— X2) 



differs from ^>(- fe )(P„ ) because a field Jq 1 dti J^ 1 dt2d 2 ip^ k }^ or a ^_ x \ replaces a ?/^- fe ' 



field. 
Let we write: 

where q = 0, 1, 2, 3, 9° = 1, d 1 = 5 X , fig = d x d x , d 3 = A. 

We remember the well known expansion of truncated expectation in term of interpolating 
parameters s t , t = 1, .., k — 1: 

£, T (^)(P 1 ),...,^)(P fe )) =^n 9 x ; ^5 ( ' l) (x i ;y0 / dP T (s)detG h > T (s) (3.18) 

where T is a set of lines forming an anchored tree graph between the clusters of vertices from 
which the fields labeled with Pi, .., P& emerge: this means that T is a set of lines connecting 
two points in different clusters, which becomes a tree graph if one identifies all the points in 
the same cluster; if I e T xj, yi are the end-points of the line and are such that x; = x^ or 
y; = Xj/j', where denotes the coordinate of the i-th field of the monomial ip(Pj). If / is 
a field variable such that x(/) = x; = x^, we write q(f) = qi = qij. In the same way if / is 
such that x(/) = yi = Xi>j> we say q(f) = q[. G h ' T {s) is a (n — k + 1) x (n — k + 1) matrix 
(if n is the total number of fields), whose elements are Gj^,^ = Sjj>d qij d qi 'i' g h (xij — Xi'j>) 

with Xij — Xfj' non belonging to T, Sjj> = s * an< ^ ^Pr(s) is a normalized measure 

which depends on s t , t = 1, k — 1 and T (for the well known explicit formula of dPr and 
for its derivation, one can look for instance [BGPS]). 
We write in an explicit way the action of 1Z in (3.15) obtaining 



1^0 I 

Zk 



V |dx„J( Xi -y^< +1 (^ + ^^ (3-19) 



v n 
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W k+1 ( Tl , P vh , X< )...W k+1 (T Svo , P v . vo , )^ (P V0 ) 

We can write, for any anchored tree graph T v connecting the clusters L v i...L s VQ : 

v q 

* 

(x, - y j) = ^(X( - y,) + ^ (xy - y^,) (3.20) 

where YTiji'j' 

is a sum such that there is no I £ T^ such that x^- — x;, y% ! y — yj . 
So we can write: 

(x, - yi) av °£k +1 {4> {k+1) {P v i \ <9„i ), (n, P„i , x„i )...W^ +1 (r s „ o , P v >« , x v »«o ) 

r-" vr fe+i (-i, ^ , ^ )...i^ r o r-r° w-^ 1 (^ s „ o , , x ^„„ )> (3.2i) 

where | is the difference among two coordinates in x „< , and J2{ a } 1S * ne sum over the 
indices a; + a„i + .. with the constraint that X)zeT„ a ' + a t>o + ••■ + a „ s,, o = a Vo < 2. We 
are now in position to iterate the above procedure studying each |x„i | a "o W k+1 (T i} P v ^ , x^i ). 
We can distinguish several cases 

1) if t 1 is a trivial tree, a„< = and |x^» | a "o W k+1 = Vk+i; 

2) if t* is not a trivial tree: 

2a)a„< = 0. In this case we repeat word by word the analysis for VF fe leading from (3.15) 
to (3.19), with the trivial substitution k —* k + 1, vq —* Vq. Note that if 72 ^ the effect of 
the renormalization is of replacing in the truncated expectation in (3.19) ijj( k+1 \P v i \ Q v i) 

with ^ k+1 \P v , \Q v i), defined in an analogous way as tp(P Vo ) (3.16), and to produce a 

a . p . 

factor (xj — Xj) "o, Xj,yj e x "o which is written as in (3.20). 

2b)a„» 7^ 0. In this case from (3.3) we have 72 = 1 if |P„«| > 4 and if |P„<| = 2 we use 
(3.4). Also in this case we can repeat word by word the analysis for W k leading from (3.15) 
to (3.19), with the trivial substitutions k — * k + 1, Vo — ► Vq. The crucial point is that the 
propagators belonging to T v ^ are of the form (xj — yi) ai g(xi; yj) with a; < 2 i.e. i/ie power 
a is not increasing. In fact, in the case |.P„»| = 4 it could be a priori a factor (xj — y;) for 
the action of 72 and another factor (x; — yj) from |x„< | "5 ; but 72 = 1 from (3.3) and so the 
first factor is not present. Similar considerations for the |P„»| = 2 case. 

Iterating this procedure we find at the end 

TZV k (r, y/Z^T^V) = f d Xv oY / ^/Z k ~^ lPvol ¥- k \Pv )J2{[ dt } 

P v {Pv} 

[ n if^i'^'^E n j]^M {hv H p v^\Qv^,---,^ {hv) {Pv-v \ Qw)] 

v not c.p. ^ Lv ^ {q} v not c.p. v ' 

[U(^)ae 2tpFXn ^HY[ Vm^ 2m ^] (3.22) 
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where: 



1) The symbol X){p„} denotes the sum over all the compatible choices of the sets P v on all 
the vertex of r except Vq; moreover Q v C P v , P v = \J i Q v i. 

2) %})( hv \P v \ Q v ) — Il/eP„\Q„ d qf ii^u^ where qf — 0, 1, 2, 3 with the same conventions 
as in (3.17). Moreover Xjj(t) = £j>j(i)xj/j with J2i> £ i'j(t) = 1 an d £ i'j(0) = ^i,*'- Finally 



4 T (M),---,m)) = EE[Il 9 x ! ^l[(x ; -yi)V(x ; ;y0]] / dPT( S )detG T ( s ) 

T„ {a} (GT„ J 

where an d S{ a } navc the following constraints. If v is such that \P V \ = 4 and the 

Kronecker 6 of (2.26) is verified then i>(P v ) contains a field dijj x >, and there is a line f e T c , 
u > i>, with aj — 1 and for any I G T^, I ^ I, v > v > v a; = 0. If is such that \P V \ = 2 and 
the Kronecker S of (2.27) is verified then ip(P v ) contains a field d 2 ip Xij or A^> and there are 
two (possibly coinciding) lines l\ £ T Cl , l 2 € T 02 with «i > v, v 2 > w with o; = 1 and for 
any I £ T$, I ^= l\, fo v\ > v > v, V2 > v > v one has a; = 0. 

A){j dt} is a product of integral over the interpolation parameters. 

5) V\ is the set of the end points of the tree, and V2 is the set of end points not associated 
to running coupling constants. Moreover "f a = ±1 in correspondence of end-points of kind 
t or l and zero otherwise, and S a = 1 in correspondence of end-points of kind v and zero 
otherwise. 

We sum (3.22) over the index rm i.e. we sum over all the trees differing only for the choices 
of the addend 1ZV° associated to a given end-point (i.e. we sum over trees with the same 
labels and differing only for the choices of mrn). We can bound detG hT by the well known 
Gramm-Hadamard inequality (see for instance [BGPS]). Once that we have bounded the 
determinant, we have to make the integration over the coordinates and over the interpolation 
variables. It is convenient to change variables from {x} to {r}, where {r} is the collection 
of the difference x; — y; appearing in the factors FJ ; d^ l dy\[(xi — yi) ai g h (xi; yi)]. Note that 
x; = Xij (t) so that the determinant of the Jacobian of this transformation is a function of t, 
and one can worry about its integrability. However it is possible to show (see [BM1], App. 
3) that such determinant is exactly 1. So we obtain a bound for W k (3.13), estimating the 
propagators by lemma 2.8 (taking L > we get max{7 h , L^ 1 }) — 7' 1 ), using lemma 2.6 
and repeating analogous considerations for CV k (r, yj Zk-i^-^): 

i^'-'eei n i(Ki>^(7^i^i-^-mip„i))][ n if^i^] 

{rrii} {P„} v not e.p. v not e.p. 2 

c\q«\-\^j(t,p vo )[ n 7- [D(p - )+ *- (jv - p - )i(h -- h " ) ][ii(^)-][n m 

v not e.p. ieVi ieV-2 

where the factor ]_(|iV„| > A("f^~ — m|-P v |)) comes from lemma 2.7, as we know 
that the summand in (3.22) is vanishing if the condition in the indicator function is not 
verified, C is a constant and 

J{r,P V0 ) = | J] 7|E f dt U I d{va 2K }d q r ^)il- K \l- K 9 K (Yi)]\ 

v not e.p. T v l£T 
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and D(P V ) = — 2 + E/eP„ (1/2 + m f)> with m/ being the order of derivatives applied to the 
field of label /, v' is the vertex preceding v on the tree (so that h v > = h v — 1). The presence 
z v (N v , P v ) is due to the renormalization procedure and it is defined as 



l)z v {N v ,P v ) = 1 if 


\Pv\ 


= 4, T, fe p v m f 


= and E/ e p„ 




+ 2N vPL 


= 


2)z v {N v ,P v ) = 1 if 


\Pv\ 


= 2 , J2feP„ m f 


= 1 and E/£P, 


o{.f)u{f)pF 


+ 2N vPL 


= 


3)z v (N v ,P v ) = 2ii 


\Pv\ 


= 2 , E/ e p„«V 


= and E/ e p„ 


o{.f)u{f)pF 


+ 2N vPL 


= 


Moreover J d{r{\ = 


y 













It is easy to check that J{t,P v „) is bounded, if (3,L > ^~ h * , by ]J V not o p C^J^ 
(the number of trees between the clusters L v i, .., L VsV is just bounded by sJC^i ' P,,i l - ^"* '). 

3.6 We can write then 

TJ 7 -[i5(P„)+ 2 „(^,^)](^-V) < 

v not e.p. 

II 7^111 t^'HII -y^-Min ^ 2( '^' v) ] 

v not c.p. veTi v£T 2 v£T 3 

where 



1) T± is the set of vertices v with IP^I = 4, E/ep„ m / = an( l E/ep„ <T (/) W (/ )pp + 
2iV„PL 7^ 

2) T 2 is is the set of vertices w with | J-^ | = 2, E/ep TO / = 1 an d E/ep <J (f) UJ (.f)PF + 
2N v p L ?0 

3) T3 is is the set of vertices v with |Pt,| = 2, E/eP m / = an d E/gp a (f) UJ (f)PF + 
2.V../-, I). 

Let be T the set of vertices u (excluding end-points) such that v' is a non trivial vertex; 
we say that v is a Ziarrf vertex. To an hard vertex i> we associate a depth defined in the 
following way: if v is the first hard vertex (i.e. if v is any vertex on the tree following v, 
v £ T) then D v = 1, otherwise D v = 1 + max v "{D v ii}, where v" are hard vertices following 
v on the tree. Note that D v < —h v > + 2. We call Bd the set of v eT with depth D. 

We can write 

JJ 7 -[2J(P„)+»„(JV„,P„)](fc„-V) < [] J] 7 " fc «'][JJ 7 " fc «'][ JJ 7 - 2 ^')] 

v not c.p. v not c.p. vElTa vETi VET3 

where v' is the vertex preceding v and % is the intersection between T and Tj. It is easy to 
show that 

ni^i<^n^ |mii/2 n^ ^ 

i£V 2 ieV-2 v£T 

In fact we write ]l ie y 2 \<Pm,\ < [I\ ie v 2 e ~ Slmil/2 ]lI\iev 2 e-«l m *l/ 2 ] and we want to show 
that 

Y[ e -^\/2 < e^[n J] ef^] (3.24) 
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where I < —k + 2. The l.h.s. of (3.24) can be written as 

i n e- w nn 

*ev 2 v 1 eB 1 ieL v , 

n e - ?|mii/2 n n n e ^ ( 3 - 25 ) 

*ev 2 v 1 eB 1 v 1 eB 1 

where i e L Vl are the end-points in the cluster L Vl and we used (3.10); n\ are the end-point 
in U Vl £B 1 L„ 1 «i G Si of kinds t, t. The r.h.s of (3.25) can be bounded by 

i£V 2 v 1 eB 1 
i£L v ,v£B 1 UB 2 L Vl £L V2 ,v 2 £B 2 

D16B1 v 2 £B 2 vi:L vl CL V2 i£L V2 

ev 2 v 1 eB 1 

i(L v ,v€B 1 UB 2 L vl £L V2 ,v 2 £B 2 

e ^ ][ || e » ][ || e ■ ] 

«i6Bi 1126-82 v 2 £B 2 

where n 2 are the end-points in the clusters U V2< =b 2 L V2 but not in any smaller ones contained 
in v 2 of kinds t, r, and riiGL„ i s the product over the end-points in L v not contained in any 
smaller cluster contained in L v . Preceding in this way we have (3.24). 
Using that D v < -h v > + 2 we have that, if C = T 2 \JT 3 {JT4 C B and using (3.24) 



-SC 2 j_r 



-K. 

II Kl^l ^ -4(7^ \Pv\-r -m\P v \)) H |0 m< | < C" J] e-^l/ 2 |] e' 

v not o.p. ieVb igVb t,gC 

(3.26) 

where the constraint in the indicator function is used only for the t> <G C, and \P V \ < 4 for 
any v <E C. 
Then 

Y,\v^,vz^Tp- k )\<c?s n i- kD{p ^Yi n 7-^ 

{mi} {P„} v not o.p. 



-h 



-iC 2 1 T -5C22. 

weTi »er 2 »eT 3 



Choosing 7 so that 7^/2 > 1 and remembering that the hard vertices are < C\n we have 
that, for i = 1, 2, 3 (Ci, C2, C3 are constants) 

. -<:c2^~ ; ^ 

By a standard calculation 



e e n 7-^<^ 

T£r fci „ {P„} v not o.p. 



and this completes the proof of Theorem 3.3. 
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Remark: Formula (3.26) is the analogue of Brjuno lemma for this problem; it ensures 
that the small denominator problem arising in the series for the incommensurability of <fi x , 
can be controlled taking into account the Diophantine condition. The same role is plaied 
by the original Brjuno lemma in the proof of the convergence of the Lindstedt series. The 
idea is quite simple: we can associate to each hard cluster with four or two external lines 

an exponential factor e2~ h »'+ 3 which is indeed quite small if \h v \ is big. It is due to the 
analyticity of the incommensurate potential ip x . But \N V \ has to be very large for the 
diophantine condition, as noted in lemma 2.7, and the resulting factor compensates the 
"bad" factors 7~ /l «' or ^ 2h ^' due to the power counting. Note that the clusters which are 
not hard are clusters in which the external lines are not contracted, or are contracted with 

lines from the same cluster, so that it is sufficient to get the factor e^ h ^' +3 for the hard 
clusters. The relevant or marginal terms in (2. 26), (2. 27) are the analogue of the resonances 
in KAM theory. 

We have now to perform the last integration (2.52). 

3.7THEOREM // there exists constants n, C'2, £ such that ^yi* ^ > k and \vh*\ < £~h* , 
< e c ' 2£ ** than 

I J Pz h ,_ 1 (# ( ^* ) )e-^*^^ < -''* , )| < C 3 Lfr 2h * (3-27) 

where C3 is a suitable constant 

PROOF The proof is rather straigthforward. In fact we can write (3.27) as a sum over 
trees, having only one non trivial vertex v, h v = h* , and s v end points. Then (3.27) can be 
written as X^^Li Stgt '( T )> if T « are the trees with n = s v end points and V h (r) is 
given by 

^E< h * [ / cbv^ n (iV W h * (P v i , X,! )... J d XvSv (P vSv )W h ' (P v s v , x v s v )] 

where E< h , denotes the integration with respect to the propagator (2.53) and W h (x„i) = 
J2 T W h (t, P v i,x v i) was estimated in Theorem 3.4. Using again the Gramm-Hadamard 
inequality we find 

\V h '-\t)\ < Lf3s n h ,C n ^ h * J] f[[^'(^-^'s vi] 

P V !,...,P V S V i=l 

where 6 v i — 1 if \P v i \ — 2 and it is zero otherwise, see Theorem 3.4, and the theorem follows. 



4. The flow of the Renormalization group 

4.1 The convergence of the expansion for the effective potential is proved by theorems 
3.4,3.7 under suitable assumptions on the running coupling constants i.e. that there exists a 
finite h* (2.48) such that, given a constant Sk, then ma,Xk>h' \vk\ < £k and maxfc>/,« | \ I < 
e Cl£ fc. In this section we prove that it is possible to choose |A|, u so small and a proper v so 
that the above conditions are indeed verified. 

If a h = ^h,°-h,5 h ,T h ,L h then 

a h -\ = a h + f3 h (a h , v h ; a , v Q ) (4.1) 
Vh-\ = IVh + (3„{ah, Vh] a , u ) 
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The property 7 > 1 can be used to show that such relations arc equivalent to 



Sh-i =a h + (3 h (a h ; a : v h ) 

Vh-i=lVh + &{vh\-\vo;v h ) (4.2) 

The proof is a trivial adaptation to this case of app.4 of [BGPS]. For the parity of the 
propagator, $ = v h \ 2 h Pl' h + j h R^, \ fo h \ < C, \R*\ < Ce\. Moreover also from [BGPS], 
sec. 7, it follows that it is possible to choose v = u(X,u) so that Vh — 0(-f h ), for any choice 
of the running coupling constants such that max^j,. \vk\ < Sk and ma^j,. | 1 1 < e Cl£fc . 
This is a version of the unstable manifold theorem. 

We can write, for h > h* 

A fc _i =X h + G 1 x h + G 2 x h + 1 h R h x 

CTh-l = &h + G 1 / 1 
8 h - 1 =& h + G\ h + G^ h + 1 h R^ (4.3) 
r h ^ = T h + G 2 T h + 1 h R h T 

^fl = l + G 1 z h + G 2 ' h + 1 h R h z 

where: 

1) GY 1 = G\ (X h , 8 h ; A , 8 ), G] h = G\' h {X h ,8 h ; A , S ) and 

G\ h = G\ h (Xh, Sh] Ao, 80) are given by series of terms involving only the Luttinger 
model part of the propagator g^(x;y), k > h, see lemma 2.4. 

2) G 2 x h , G 2 -' , G 2 z ' h , G 2,h , G 2 ' h depend on all the running coupling constants and are given 
by a series of terms involving at least a propagator C^^xjy) or ffi fc L w (x;y), k > h. By 
lemma 2.4 if C a is a suitable constant and ih — maxk>h\9k\'- 

\G\ h I, \G]\ \G 2 z -% \G 2 T -% \G 2 - h \ < C a ilQ\ (4.4) 



3) By a second order computation one obtains 

G 1 * = v h g h [-I3 1 + G 1 a ' h ] G 1 *=g 2 h \fa + G 1 *] (4.5) 

with /3i,/?2 non vanishing positive contants and |G^' l | < C a ih and \G\' h \ < C a ih- Moreover 
G x h , G\ ,h are vanishing at the second order. 

4) i?f , i = A, z, 8, r, l depend on all the running coupling constants and there is at least a 
propagator C^ 1 (x; y) , k > h. < C a e\. 

4.2LEMMA: There exist positive constants Ci, 02,03,04 such that, if X,u are small enough 
and h> h*: 

|A fc _i - Ao| < |A| 3/2 
Xp 2 c 3 h < log ( < Xp 2 c 4 h (4.6) 



l^ol 

-f3 lCl X 2 h < Iog(|Z h _i|) < -/3 lC2 X 2 h - r | < |A| 3 / 2 
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k-i-to| < |a| 3/2 |<y fc _i-<y | < |a| 3/2 



PROOF We proceed by induction. Assume that the above inequalities hold for any k > h 
and we prove them for ft — 1. Then by (4.5) 

(1 - /3 2 \h - c a A 2 ) < — < (1 - p 2 X h + c b X 2 ) 

with Cb, c a > are suitable constants. Then, if A > (for fixing ideas) there exists a C4 < 1 
such that 

and a c 3 > 1 such that 

\2 



K-il > ko|7 c ' A/?3(h - 1) (1 "^ 3 CoA) > 

We proceed in the same way for Zh- Moreover let be fih = (<?/», $h) and we write 



G^inh^h+u mo) = G] 1 h { l x h ,..., n h )+ E ( 4J ) 

k=h+l 

where 

D h,k = c^ h (fj, h ...,fi h ,fi k ,ij, k+1 , ..^o) - G^ h (fj, h , ...,/j, h ,fj, h ,/jL k+1 , ...,mo) (4.8) 
It holds that 

G 1 *{ l i h ,...,v h ) = 0{ 1 h ) (4.9) 

This remarkable cancellation is due the fact that, by definition, Gjj h (fih, ■■■,^h) is identical 
to the corresponding quantity of the Luttingcr model for which (4.9) is proved (see eq.(7.6) 
of [BGPS], as a consequence of the analyticity of the Luttingcr model Beta function and 
of some properties of the exact solution, see [BcGM],[BMl]). On the other hand, by the 
estimates of sec. 3 

\D h < k \ < CA 2 7 -^ 

so that 

- Ml < CA 2 £ + CA 2 J2 + E 7* 

k—h k—h ^ k—h 

and the lemma follows noting that, as ft > ft* 

O11 



k=h 7 k=h ° h * 

if K is a constant. For t/j, th we proceed in a similar way." 



As a corollary of the above estimates on the running coupling constants we find that ft* 
is finite: 

l0S >°' < h * < l0g >°l + 1 (4 10) 

for some positive constants c a ,cp. From lemma 4.2 it follows that we can choose A, u so small 
so that the conditions for the validity of theorems 4.3,3.7 are indeed fulfilled; in particular 
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one can choose L, /3 > 7 h . This concludes the proof of the convergence of the expansion 
for the effective potential. 



4.3 From the proof of the convergence of the effective potential and the relative bounds it 
is a standard matter to deduce the bounds for the expansion of the two point Schwingcr 
function; we refer for this to [BGPS], sec. 6. It holds that 



(h) , s r,(h) / \ 

S(x,y) = S u - v -(x;y) + V V e i "( UlI -" J »' • (^l^lZZ + (4 n) 

h=h'Ul,U 2 

where we call g(- h \x; y) simply g( h \x; y) and the first addend is obtained by the integra- 
tion of ipW ( and it is bounded by . , c " , N ); ( x; y) is given by an expansion similar 

to the one in sec. 3 and one can check that, for L,f3> 7 _/l *, l^ii^l < Aehj h 1+ ^^_ y ^) N , 
e h = sup k>h \v k \, sec [BGPS].. 

We are now ready to prove the main theorem in 4.1. First of all, we note that the r.h.s. of 
(4.11) has a meaning also if we take the formal limit i — > 00, (3 — > 00, (recall that L = Li), 
by doing the substitution 

hj^^LnWf- (412) 

The substitution (4.12), applied to (4.11), allows to define g^ h \x;y) in the limit i — > 00, 
[3 — > 00, at least for h < 0. For h = 1, one has to be careful, since the integral over fco 
is not absolutely convergent. However it is easy to prove, by using standard well known 
arguments, that the limit as i — > 00 and f3 — > 00 of grW (x; y) is well defined for x ^ yo and 
has the same discontinuity in x = y of the same limit taken on the free propagator (2.1). 
The previous considerations says that, for A, u real and small enough, there exists the limit 

S(x;y)= Jim S L ^(x;y) (4.13) 

p — too 
i-*oo 

and that this limit is obtained by doing the substitution (4.12) in all quantities appearing 
in the r.h.s. of (4.11). 4.4 Let us define 

7?i = _ log(^.) % = _ 1 , logK.) 



\0g\uifrn\ ~ log\u0fh\ 

which are respectively /^A 2 + 0(A 3 ) and f3\X + 0(A 2 ). We call Zh* = Z and at* = u, see 
(1.6). The bounds (1.7), (1.8) can be obtained by (4.11). In fact if 1 < |x - y| < iT 1 it 
holds, for ^-h*- 1 <\x — y\< 7~' lx , h x > h* , 



On the other hand if |x — y| > u^ 1 : 



n 1 l h ^ l h C N 



< A 2 -y h!c(1 ~ 71a) 



h* (h) 1 \ ry( h ) I \ s~i h * -(N-l)h 

i ff^iU (x;y) S^Jx^y) _J^y_\p 2___ 



"Z h , (j h '\x-y\)* 

if Ai,A 2 are positive constants. From the above bounds and lemma 2.6 it follows that 

E\ " -ip F (^ix-^ 2 y) g"i'"2( x ;y) ip F (u(x-y)) 1 >ip fh(X) 1 < 

, ^ Z h Z^ (L$\ Z-f -iko + tvk* |k'|"3 - 
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C*> [— ] < Ci — ^logw 



so proving (1.9). 



4.5 Let us prove the decomposition (1.11). By diagonalizing the quadratic form 9 z~f~^ 
X)wi,a) 2 6 tPF zi!-i " 2 "' g"^"2 ( x ; y) it is possible to see that, from (2.33): 

9 w (x;y)_ l \^ - lk '( x - y )M[^i^ll , F xy (-k>, -<r h -i), 



Z h _i (L/?) ^ L A + B A-B 

where 

F xy (k', a h ) = <f>(k', x, a h )4>{k', -y, a h ) 

1 p -ipFX 

<j>(k', x, a h ) = -—[VW^Ce tpF * 



/2B VB~~C' 

and A = —iko + cos(pp)(l — cos k 1 ), B = J (C 2 + a'fj and C — vq sin k' . We can rewrite the 
above integral in terms of the k variable. Recall that, if ui = sign(fc) and //j(k') ^= 0, then 
k = LopF + k' . Hence 



gW(x;y) _ \^ jP*(<»i*-<»2v) h 

7 2^ 7u , g^.^^y) 



1 A(k) 0(fc, x, gjt-iMfe, -y, ^-Qe^^-w) 

{Lp) Z h _ x - zko -(e(k,a h ^)~ PF ) [ - ' 

where e(k,ah),(f>(k,x,ah) are defined in sec. (1.12). Inserting (4.14) in (4.11) one obtains 
the decomposition (1.11). For clarity of exposition we have preferred to write such formula 
avoiding the use of the scales. It is clear that the /i-dependence of o^-i, Zh-i can be seen 
as a momentum dependence, for the compact support properties of //i(k). The functions 
u(k),Z(k) are defined in the following way: they are equal to Oh-\,Zh-\ for -f h < |k'| < 
j h+1 if h > h*, and to ov, for |k'| < j h . With this definition the difference between 
(1.12) and (4.14) is in the second addend of the decomposition (1.11) (remembering that, 
from (4.5), 2t=l = l + 0(\)). 



4.6 Finally the lower bound on the spectral gap can be obtained showing that we can prove 
the boundedncss on S(x,y;ko) for fc complex, for |Im(fco)| < ^j 1 - The expansion disussed 
before is not suitable for this, as the functions /h(k) are not analytic in fco- However one 
can repeat the above analysis using a decomposition fh{k) i.e. not depending on fco (see 
[BGM1] app.4 in which are discussed the (obvious) modifications in the bounds changing 
the cut-off functions). So in the support of fh(k), for h > h* we have that, if < 

|Rc [A h (k', fc + irj\\ > aol 2h + o\ - rj 2 > Cll 2h 

as, by (2.48), j h > j h * > On the other hand if h < h* 

\Re[A h (k!,ko + iri]\ > ^ 
for some constant c\, C2, so everything is essentially unchanged. 
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